Introduction
Let K be a field of characteristic zero,K its algebraic closure and Gal(K) = Aut(K/K) its absolute Galois group.
In [22] the author constructed explicitly g-dimensional abelian varieties (jacobians) without non-trivial endomorphisms for every g > 1. This construction may be described as follows. Let n = 2g + 1 or 2g + 2. Let us choose an n-element set R ∈K that constitutes a Galois orbit over K and assume, in addition, that the Galois group of K(R) over K coincides either with the full symmetric group S n or the alternating group A n . Let f (x) ∈ K[x] be the irreducible polynomial of degree n, whose set of roots coincides with R. Let us consider the genus g hyperelliptic curve C f : y 2 = f (x) overK and let J(C f ) be its jacobian, which is the g-dimensional abelian variety. Then the ring End(J(C f )) of allK-endomorphisms of J(C f ) coincides with Z.
It is well-known that every genus 2 curve is hyperelliptic. However, there is a plenty of non-hyperelliptic genus 3 curves: namely, a curve of genus 3 is nonhyperelliptic if and only if it is isomorphic to a smooth plane quartic. So, one may ask for a natural construction of such quartics, whose jacobians have no nontrivial endomorphisms. In order to do that, suppose that we are given sevenK-points on the projective plane in general position, i.e., no three points lie on a one line and no six on a one conic. Assume also that Gal(K) permutes those seven points transitively. By blowing them up, we obtain a Del Pezzo surface of degree 2 that is defined over K ( [10, §3] , [3, Th. 1 on p. 27]). Suppose that the 7-element Galois orbit has large Galois group, namely, either S 7 or the alternating group A 7 . It is proven in [26] that if we consider the anticanonical map of the Del Pezzo surface onto the projective plane then the jacobian of the corresponding branch curve has no nontrivial endomorphisms overK. (Recall [4, Ch. VII, Sect. 4] that this curve is a smooth plane quartic.) Also, starting with an irreducible degree 7 polynomial with large Galois group, we provided an explicit construction of a 7-element Galois orbit in general position and with the same Galois group. (Notice that starting with irreducible quartic polynomial over K whose Galois group is S 4 , one may construct explicitly a smooth plane quartic, whose jacobian enjoys the following property: its endomorphism ring is Z[ −1+ Example 1.7] .) The aim of this paper is to prove a similar result while dealing with eight points, Del Pezzo surfaces of degree 1 and their branch curves with respect to bianticanonical maps. (In this case the curve involved is a (non-hyperelliptic) genus 4 curve with vanishing theta characteristic [3, 4] ). We prove that the endomorphism algebra of the corresponding jacobian (overK) is either Q or a quadratic field; in particular, the jacobian is an absolutely simple abelian fourfold. Also, starting with an irreducible degree 8 polynomial with large Galois group (S 8 or A 8 ), we provide an explicit construction of a 8-element Galois orbit with the same Galois group and in general position. (In the case of eight points, we have to check additionally that there is no cubic that contains all the points and one of those points is singular on the cubic [10, Sect. 3] , [3, Th. 1 on p. 27]).
The Del Pezzo surfaces involved look rather special. That is why we prove that the assertion about the endomorphism algebra of the corresponding jacobian remains true when the corresponding Galois image in W (E 8 ) contains a subgroup that is a conjugate of the A 8 . In particular, the jacobian of the branch curve of "generic" Del Pezzo surface of degree 1 is absolutely simple.
On the other hand, assuming that the Galois action on the Picard group of a Del Pezzo surface of degree 1 is maximal (i.e., the Galois image coincides with W (E 8 )), we prove that the jacobian of the corresponding branch curve has no non-trivial endomorphisms. It would be interesting to find explicit examples of those surfaces with maximal Galois action. (See [7] for the case of degree 2.)
The paper is organized as follows. In Section 2 we discuss interrelations between Picard groups of a Del Pezzo surface of small degree and the corresponding branch curve. Our exposition is based on letters of Igor Dolgachev to the author. Section 3 deals with abelian fourfolds whose Galois module of points of order 2 has a rather special structure. Our main results are stated and proved in Section 4. Section 5 contains proofs of auxiliary results about abelian varieties.
I am deeply grateful to Igor Dolgachev for his interest to this paper and generous help.
This work was done during the special semester "Rational and integral points on higher-dimensional varieties" at the MSRI. The author is grateful to the MSRI and the organizers of this program.
2.
Del Pezzo surfaces of degree 1 2.1. Let d = 1 or 2. We write I 1,9−d for the standard odd unimodular hyperbolic lattice of rank 10 − d and signature (1, 9 − d) . This means that I 1,9−d is a free Z-module of rank 10 − d provided with the unimodular symmetric bilinear form (, ) : I 1,9−d × I 1,9−d → Z and the standard orthogonal basis {e 0 , e 1 , . . . , e 9−d } such that (e 0 , e 0 ) = 1, (e i , e i ) = −1 ∀i ≥ 1.
We write O(I 1,9−d ) for the group of isometries of I 1,9−d . Let us put ω 9−d := −3e 0 + e 1 + . . . + e 9−d . Clearly, (ω 9−d , ω 9−d ) = d = 0. Let us consider the orthogonal complement ω ⊥ 9−d of ω 9−d in I 1,9−d . Clearly, ω ⊥ 9−d is a free Z-(sub)module of rank 9 − d and the restriction (, ) : ω ⊥ 9−d × ω ⊥ 9−d → Z is a negative-definite non-degenerate symmetric bilinear form. (If d = 1 then it is even unimodular.) It is known [15, Th. 23.9 ] that there exists an isometry
is the root lattice of type E 9−d equipped with the scalar product with opposite sign. In addition, if we identify (via this isometry) ω ⊥ 9−d and Q(E 9−d ) then the orthogonal group O(ω ⊥ 9−d ) of ω ⊥ 9−d coincides with the corresponding Weyl group W (E 9−d ) [15, Th. 23.9] . This implies that the special orthogonal group
There is a natural injective homomorphism µ : S 9−d ֒→ O(I 1,9−d ) defined as follows.
τ → µ(τ ) : I 1,9−d → I 1,9−d , e 0 → e 0 , e i → e τ (i) ∀i ≥ 1 (0).
This provides I 1,9−d with the natural structure of faithful S 9−d -module. Clearly, each µ(τ ) leaves invariant ω 9−d and therefore induces an isometry of ω ⊥ 9−d , which we denote by
. Obviously, if v : I 1,9−d → I 1,9−d is an isometry that leaves ω 9−d invariant and coincides with ι(τ ) on ω ⊥ 9−d then v = µ(τ ). This implies that ω ⊥ 9−d is a faithful S 9−d -submodule. We write is a non-degenerate symmetric bilinear form. We write O(L) (resp. SO(L)) for the group of automorphisms of L (resp. automorphisms of L with determinant 1) preserving the intersection pairing.
Recall [4] that a marking of S is an isometry φ : Pic(S) → I 1,9−d such that φ(K S ) = ω 9−d . It is known that a marking always exists [15, Prop. 25.1] . In addition, each marking is a geometric marking, i.e. can be realized in such a way 
Let w 0 be the nontrivial center element of W (E 9−d ) which acts as -1 on the root lattice. There exists a unique automorphism g 0 of S (called the Geiser (d = 2), or Bertini (d = 1) involution) such that φg 0 φ −1 = w 0 [14, Th. 4.7] , [3, pp. 66-69] , [5, Ch. 8, Sect. 8.2] . Let C = S g0 be the fixed locus of g 0 . It is a smooth irreducible projective curve of genus 3 (resp. 4).
We write J(C) for the jacobian of C: it is an abelian variety overK of dimension 3 (resp. 4). We write Pic(C) 2 for the kernel of multiplication by 2 in Pic(C). Clearly, Pic(C) 2 coincides with the group J(C) 2 of points of order 2 on J; it is a F 2vector space of dimension 6 (resp. 8) provided with the alternating nondegenerate bilinear form called the Weil pairing [17, 18] <, >:
Recall that if D is a divisor on S then Proof. (i) Since the self-intersection index of irreducible curve E is negative, the linear system | E | consists of single divisor E. This implies that L(S, E) =K. Clearly,
In order to prove (ii), let us consider the exact sequence
which leads to the cohomological exact sequence
. Now the exactness of the cohomological sequence implies that
Recall [18] that a divisor class η on a smooth curve C is called a theta characteristic if 2η = K C . It is called even (odd) if h 0 (η) is even (odd). A theta characteristic η defines a quadratic form on Pic(C) 2 by
The associated bilinear form e(x, y) = q η (x + y) + q η (x) + q η (y) coincides with <, > on J(C) 2 = Pic(C) 2 . In particular, if η is an even theta characteristic then < x, y >= h 0 (η + x + y) + h 0 (η + x) + h 0 (η + y) mod 2 (2) . (ii If E is an exceptional curve of the first kind on S then r(E) is an odd theta characteristic on C; more precisely,
In addition, if d = 1 then r(−K S ) is a theta characteristic on C.
Proof. (i) Since g 0 acts on C as identity map, we have r(g 0 (a)) = g 0 (r(a)) = r(a).
Since g 0 |L = −1, we get r(−a) = r(a) and hence 2r(a) = 0.
(ii) Recall that if D is a divisor on C then
If u is a non-constant rational function on C then the degree of the divisor of poles of u coincides with the degree of field extensionK(C)/K(u) [13, Th. 2.2]. (d = 2) Recall that | − K S | defines a finite map f of degree 2 from S to P 2 and the corresponding involution of S is g 0 . Thus the image of C is a smooth plane quartic, and hence
By the adjunction formula, K C = r(K S + C) = −r(K S ). This proves that r(E) is a theta characteristic. It is certainly effective, and therefore we may view r(E) as the linear equivalence class of an effective divisor D of degree 2 on C. We need to prove that dimK( L(C, D)) = 1.
If u ∈ L(C, D) is not a constant then the degree of its polar divisor is either 1 or 2. In the former case,K(C) =K(u) and C is rational, which is not the case, because C has genus 3. In the latter case,K(C)/K(u) is a quadratic extension and therefore C is hyperelliptic, which is not the case, because C is a plane smooth quartic [9, Ch. 5, Exercise 3.2 and Example 5.2.1]. This implies that L(C, D) consists of scalars and therefore has dimension 1.
(d = 1) The linear system | − 2K S | defines a double cover f : S → Q, where Q is a quadratic cone in P 3 . The branch curve W is a curve of genus 4, the intersection of Q with a cubic surface [5, Ch. 8, Example 8.2.4] . This implies that
. Now similar to the case d = 2, we obtain E + g 0 (E) = −2K S and 2r(E) = −2r(K S ) = K C . This proves that r(−K S ) and r(E) are theta characteristics. Clearly, r(E) is effective and therefore H 0 (C, r(E)) = {0}. The short exact sequence
gives rise to the exact cohomological sequence
Suppose that we know that
thanks to Lemma 2.3(i) and H 0 (C, r(E)) = {0}, we conclude that H 0 (S, O S (E)) ∼ = H 0 (C, r(E)); in particular, h 0 (C, r(E)) = 1.
So, in order to finish the proof, we need to check that
By Serre's duality, it suffices to prove that
In order to do that, recall that −2K S = E + g 0 (E) in Pic(S) where g 0 (E) is also an exceptional curve of the first kind. This implies that
Applying Lemma 2.3 to g 0 (E) and n = 1, we conclude that
Remark 2.5. If d = 1 then the only one theta characteristic of C with h 0 > 1 is the vanishing one equal to r(−K S ) (see below).
Proof. Let η 0 = r(−K S ). By Lemma 2.4(ii), η 0 is a theta characteristic. The short exact sequence
Since H 0 (S, O S (2K S )) = 0 and H 1 (S, O S (2K S )) = 0, theK-vector spaces H 0 (C, η 0 ) and H 0 (S, O S (−K S )) are isomorphic; in particular, h 0 (C, η 0 ) = h 0 (−K S ) = 2. Thus η 0 is an even theta characteristic. We have
(Here we used Lemma 2.4 that tells us that h 0 (r(E i )) = h 0 (r(E j )) = 1.)
Since r(2L) = 0 and E j + K S ∈ L, we obtain that r(
It is known [15, Th. 26.2(i) ] that this implies that E i −E j −K S is linearly equivalent to the class of an exceptional curve of the first kind. By Lemma 2.4, we obtain
Now we need the following elementary result from linear algebra that will be proven at the end of this Section.
Then: Proof. Let v 1 , . . . , v 8 ∈ L be as in Lemma 2.7. We have We put
. , E 7 } are defined similar to the above (i = 2, . . . , 7). We take the odd theta characteristic η = r(E 1 ) and compute the associated bilinear form of the quadratic form q η . We do the similar computation, using the fact that the seven odd theta characteristics η i = r(E i ) form an Aronhold set, i.e., η i + η j − η k is an even theta characteristic for any distinct i, j, k Since for all j with 1 ≤ j ≤ r
we have c · i =j a i = 0. This implies that b − a j = i =j a i = 0 ∀j. It follows that
since m is even and char(F) = 2. So, b = 0. Since every b − a j = 0, we conclude that every a j = 0. and therefore C is a K-curve on S. It follows easily from Theorem 2.9 that L is a Galois submodule and L/2L → Pic(C) 2 is an isomorphism of Galois modules.
Abelian varieties
A surjective homomorphism of finite groups π : G 1 ։ G is called a minimal cover if no proper subgroup of G 1 maps onto G [8] . Clearly, if G is perfect and G 1 ։ G is a minimal cover then G 1 is also perfect.
Let F be a field, F a its algebraic closure and Gal(F ) := Aut(F a /F ) the absolute Galois group of F . If X is an abelian variety of positive dimension over F a then we write End(X) for the ring of all its F a -endomorphisms and End 0 (X) for the corresponding Q-algebra End(X) ⊗ Q. We write End F (X) for the ring of all Fendomorphisms of X and End 0 F (X) for the corresponding Q-algebra End F (X) ⊗ Q. Both End 0 (X) and End 0 F (X) are semisimple finite-dimensional Q-algebras. The group Gal(F ) of F acts on End(X) (and therefore on End 0 (X)) by ring (resp. algebra) automorphisms and End F (X) = End(X) Gal(F ) , End 0 F (X) = End 0 (X) Gal(F ) , since every endomorphism of X is defined over a finite separable extension of F .
If n is a positive integer that is not divisible by char(F ) then we write X n for the kernel of multiplication by n in X(F a ); the commutative group X n is a free Z/nZ-module of rank 2dim(X) [17] . In particular, if n = 2 then X 2 is an F 2 -vector space of dimension 2dim(X).
If X is defined over F then X n is a Galois submodule in X(F a ) and all points of X n are defined over a finite separable extension of F . We writeρ n,X,F : Gal(F ) → Aut Z/nZ (X n ) for the corresponding homomorphism defining the structure of the Galois module on X n ,G n,X,F ⊂ Aut Z/nZ (X n ) for its imageρ n,X,F (Gal(F )) and F (X n ) for the field of definition of all points of X n . Clearly, F (X n ) is a finite Galois extension of F with Galois group Gal(F (X n )/F ) = G n,X,F . If n = 2 then we get a natural faithful linear representatioñ G 2,X,F ⊂ Aut F2 (X 2 ) ofG 2,X,F in the F 2 -vector space X 2 . Now and till the end of this Section we assume that char(F ) = 2. It is known [21] that all endomorphisms of X are defined over F (X 4 ); this gives rise to the natural homomorphism κ X,4 :G 4,X,F, → Aut(End 0 (X)) and End 0 F (X) coincides with the subalgebra End 0 (X)G 4,X,F ofG 4,X,F -invariants [25, Sect. 1].
The field inclusion F (X 2 ) ⊂ F (X 4 ) induces a natural surjection [25, Sect. 1]
The following definition has already appeared in [6] .
Definition 3.1. We say that F is 2-balanced with respect to X if τ 2,X is a minimal cover.
Remark 3.2. Clearly, there always exists a subgroup H ⊂G 4,X,F such that H → G 2,X,F is surjective and a minimal cover. Let us put L = F (X 4 ) H . Clearly,
and L is a maximal overfield of F that enjoys these properties. It is also clear that There exists an overfield L such that
and L is 2-balanced with respect to X (see [6, Remark 2.3]).
Theorem 3.3. Suppose that E := End 0 F (X) is a field that contains the center C of End 0 (X). Let C X,F be the centralizer of End 0 F (X) in End 0 (X). Then:
(i) C X,F is a central simple E-subalgebra in End 0 (X). In addition, the centralizer of C X,F in End 0 (X) coincides with E = End 0 F (X) and
(ii) Assume that F is 2-balanced with respect to X andG 2,X,F is a non-abelian simple group. If End 0 (X) = E (i.e., not all endomorphisms of X are defined over F ) then there exist a finite perfect group Π ⊂ C * X,F and a surjective homomorphism Π →G 2,X,F that is a minimal cover. In addition, the induced homomorphism Q[Π] → C X,F is surjective, i.e., C X,F is isomorphic to a direct summand of the group algebra Q[Π].
Proof. This is Theorem 2.4 of [6] .
Lemma 3.4. Assume that X 2 does not contain properG 2,X,F -invariant evendimensional subspaces and the centralizer EndG 2,X,F (X 2 ) has F 2 -dimension 2. Then X is F -simple and End 0 F (X) is either Q or a quadratic field.
Proof. If Y is a proper abelian F -subvariety of X then Y 2 is a proper Galoisinvariant 2dim(Y )-dimensional subspace in X 2 . So, Y 2 is even-dimensional and G 2,X,F -invariant. This implies that such Y does not exist, i.e., X is F -simple. This implies that End F (X) has no zero-divisors. This implies that End 0 F (X) is a finitedimensional Q-algebra without zero divisors and therefore is division algebra over Q. On the other hand, the action of End F (X) on X 2 gives rise to an embedding
This implies that the rank of free Z-module End F (X) does not exceed 2, i.e., is either 1 or 2. It follows that End 0 F (X) has Q-dimension 1 or 2 and therefore is commutative. Since End 0 F (X) is division algebra, it is a field. If dim Q End 0 F (X) = 1 then End 0 F (X) = Q. If dim Q End 0 F (X) = 2 then End 0 F (X) is a quadratic field.
Lemma 3.5. Let us assume that g := dim(X) > 0 and the center of End 0 (Y ) is a field, i.e, End 0 (X) is a simple Q-algebra. Then:
(ii) If dim Q (End 0 (X)) = (2g) 2 then char(F ) > 0 and Y is a supersingular abelian variety.
Proof. (ii) is proven in [22, Lemma 3.1] (even without any assumptions on the center). In order to prove (ii), notice that there exist an absolutely dimple abelian variety Y over F a and a positive integer r such that X is isogenous (over F a ) to a selfproduct Y r . We have dim(X) = rdim(Y ), End 0 (X) = M r (End 0 (Y )), dim Q (End 0 (X) = r 2 dim Q (End 0 (Y ).
It follows readily from Albert's classification ([17, Sect. 21], [19] ) that dim Q (End 0 (Y ) divides (2dim(Y )) 2 . The rest is clear.
Let B be an 8-element set. We write Perm(B) for the group of all permutations of B. The choice of ordering on B establishes an isomorphism between Perm(B) and the symmetric group S 8 . We write Alt(B) for the only subgroup of index 2 in Perm(B). Clearly, every isomorphism Perm(B) ∼ = S 8 induces an isomorphism between Alt(B) and the alternating group A 8 . Let us consider the 8-dimensional F 2 -vector space F B 2 of all F 2 -valued functions on B provided with the natural structure of faithful Perm(B)-module. Notice that the standard alternating bilinear form Notice that the subspace of Alt(B)-invariants
where 1 B is the constant function 1. In order to prove (ii), recall that
where M 1 is the hyperplane of functions with zero sum of values. It is known [16] that M 1 /M 0 is a simple Alt(B)-module; clearly, dim(M 1 /M 0 ) = 6. It follows that if W is a a proper even-dimensional Alt(B)-invariant subspace of F B 2 then dim(W ) = 2 or 6. Clearly, the orthogonal complement W ′ of W in F B 2 with respect to the standard bilinear form is also Alt(B)-invariant and dim(W ) + dim(W ′ ) = 8. It follows that either dim(W ) = 2 or dim(W ′ ) = 2. On the other hand, Alt(B) = A 8 must act trivially on any two-dimensional F 2 -vector space, since A 8 is simple non-abelian and GL 2 (F 2 ) is solvable. Since the subspace of Alt(B)-invariants is one-dimensional, we conclude that there are no two-dimensional Alt(B)-invariant subspaces of F B 2 . The obtained contradiction proves the desired result. Theorem 3.7. Let X be a four-dimensional abelian variety over F . Suppose that there exists a group isomorphismG 2,X,F ∼ = Alt(B) such that the Alt(B)-module X 2 is isomorphic to F B 2 . Then one of the following two conditions holds:
(i) End 0 (X) is either Q or a quadratic field. In particular, X is absolutely simple. (ii) char(F ) > 0 and X is a supersingular abelian variety.
Remark 3.8. Lemmas 3.4 and 3.6 and Remark 3.2 imply that in the course of the proof of Theorem 3.7, we may assume that End 0 F (X) is either Q or a quadratic field and F is 2-balanced with respect to X; in particular, we may assume thatG 4,X,F is perfect, sinceG 2,X,F = A 8 is perfect.
We will prove Theorem 3.7 in Section 5. Clearly, the splitting
is S 8 -invariant and orthogonal. In particular, ω ⊥ 8 ⊗ Z/2Z coincides with the orthogonal complement ofω in I 1,8 ⊗ Z/2Z. It follows that Theorem 3.13. Let X be a four-dimensional abelian variety over F . Suppose that there exists a group isomorphismG 2,X,F ∼ = O + (8) .
Then one of the following two conditions holds: (i) End(X) = Z. In particular, X is absolutely simple.
(ii) char(F ) > 0 and X is a supersingular abelian variety.
Proof. It is known [11, p. 232 [24] ). Now our Theorem follows from [23, Lemma 2.3].
Jacobians

4.1.
Let K be a field of characteristic zero,K its algebraic closure and Gal(K) := Aut(K/K) the absolute Galois group of K. We use the notation of Section 2. Let S be a Del Pezzo surface of degree d = 1 overK, let L be the orthogonal complement of K S in Pic(S) with respect to the intersection pairing. Let us fix a marking φ : Pic(S) → I 1, 8 .
Suppose that S is defined over K. Recall (Remark 2.12) that the Bertini involution on S and the corresponding branch curve C are also defined over K. In addition, there is the natural Galois action of Gal(K) on Pic(S), which preserves the intersection pairing and K S . This action is defined by a certain continuous homomorphism ρ S : Gal(K) → Aut(Pic(S)), whose (finite) image consists of isometries; in addition, ρ S (σ)(K S ) = K S ∀σ ∈ Gal(K). is an isomorphism (isometry) of Galois modules and therefore the Galois modules L/2L and ω ⊥ 8 ⊗ Z/2Z are isomorphic. In addition,
The continuous homomorphism
is a Galois-invariant orthogonal splitting and therefore Theorem 4.4. Let S be a Del Pezzo surface of degree 1 that is defined over K. Suppose that ρ ′ φ (Gal(K)) contains a subgroup that is a conjugate of ι(A 8 ) in W (E 8 ). Then End 0 (J(C)) is either Q or a quadratic field. In particular, J(C) is absolutely simple.
Proof. Replacing φ by its composition with a suitable element of W (E 8 ) = O(ω ⊥ 8 ), we may and will assume that ρ ′ φ (Gal(K)) contains ι(A 8 ). Replacing (if necessary) K by its suitable finite algebraic extension, we may and will assume that 
Recall that (K SB , K SB ) = 1. It follows that Pic(S B ) splits into orthogonal Galois-invariant direct sum Proof. Notice that Gal(K) acts 3-transitively on B.
Step 1. Suppose that D is a line in P 2 that contains three points of B say,
Clearly, D E = {P 1 , P 2 , P 3 }. There exists σ ∈ Gal(K) such that σ({P 1 , P 2 , P 3 }) = {P 1 , P 2 , P 4 }. It follows that the line σ(D) contains {P 1 , P 2 , P 4 } and therefore σ(D) E = {P 1 , P 2 , P 4 }. In particular, σ(D) = D. However, the distinct lines D and σ(D) meet each other at two distinct points P 1 and P 2 . Contradiction.
Step 2. Suppose that Y is a conic in P 2 such that Y contains six points of B say, {P 1 , P 2 , P 3 , P 4 , P 5 , P 6 } = B \ {P 7 , P 8 }. Clearly, Y E = B \ {P 7 , P 8 }. If Y is reducible, i.e., is a union of two lines D 1 and D 2 then either D 1 or D 2 contains (at least) three points of B, which is not the case, thanks to Step 1. Therefore Y is irreducible.
There exists σ ∈ Gal(K) such that σ(P 1 ) = P 7 , σ(P 8 ) = P 8 . Then σ(P 7 ) = P i for some positive integer i ≤ 6. This implies that σ(B \{P 7 , P 8 }) = B \{P i , P 8 } and
In particular, σ(Y ) = Y . However, both conics contain the 5-element set B \ {P i , P 7 , P 8 }. Contradiction.
Step 3. Suppose that Z is a cubic in P 2 such that B ⊂ Z and say, P 1 ∈ B is a singular point of Z. If Z is reducible then either there is a line with 3 points of B or a conic with 6 points of B. So, Z is irreducible and therefore P 1 is the only singular point of Z. Clearly, for each σ ∈ Gal(K) the cubic σ(Z) also contains B and σ(P 1 ) is the only singular point of σ(Z). Pick σ with σ(P 1 ) = P 2 ∈ B. Then σ(Z) = Z. The cubics Z and σ(Z) meet at all 8 points of B. In addition, the local intersection index at singular P 1 and σ(P 1 ) = P 2 is, at least, 2. This implies that the intersection index of Z and σ(Z) is, at least 10, which is not true, since the index is 9. 
Endomorphisms of abelian varieties
We keep notation and assumptions of Theorem 3.7. Following Remark 3.8, we assume thatG 4,X,F is perfect, τ 2,X :G 4,X,F ։G 2,X,F = A 8 is a minimal cover and End 0 F (X) is either Q or a quadratic field. SinceG 4,X,F is perfect, it does not contain a subgroup of index 2, 3 or 4. Let C be the center of End 0 (X).
Lemma 5.1. Either C = Q ⊂ End 0 F (X) or C = End 0 F (X) is a quadratic field. Proof. Suppose that C is not a field. Then it is a direct sum C = ⊕ r i=1 C i of number fields C 1 , . . . , C r with 1 < r ≤ dim(X) = 4. Clearly, the center C is aG 4,X,F -invariant subalgebra of End 0 (X); it is also clear thatG 4,X,F permutes summands C i 's. SinceG 4,X,F does not contain proper subgroups of index ≤ 4, each C i isG 4,X,F -invariant. This implies that the r-dimensional Q-subalgebra
consists ofG 4,X,F -invariants and therefore lies in End 0 F (X). It follows that End 0 F (X) has zero-divisors, which is not the case. The obtained contradiction proves that C is a field.
It is known [17, Sect. 21 ] that C contains a totally real number (sub)field C 0 with [C 0 : Q] | dim(X) and such that either C = C 0 or C is a purely imaginary quadratic extension of C 0 . Since dim(X) = 4, the degree [C 0 : Q] is 1, 2 or 4; in particular, the order of Aut(C 0 ) does not exceed 4. Clearly, C 0 isG 4,X,F -invariant; this gives us the natural homomorphismG 4,X,F → Aut(C 0 ), which must be trivial and therefore C 0 consists ofG 4,X,F -invariants. This implies thatG 4,X,F acts on C through a certain homomorphismG 4,X,F → Aut(C/C 0 ) and this homomorphism is trivial, because the order of Aut(C/C 0 ) is either 1 (if C = C 0 ) or 2 (if C = C 0 ). So, the whole C consists ofG 4,X,F -invariants, i.e., C ⊂ End 0 (X)G 4,X,F = End 0 F (X). This implies that if C = Q then End 0 F (X) is also not Q and therefore is a quadratic field containing C, which implies that C = End 0 F (X) is also a quadratic field.
It follows that End 0 (X) is a simple Q-algebra (and a central simple C-algebra). Let us put E := End 0 F (X) and denote by C X,F the centralizer of E in End 0 (X). We have C ⊂ E ⊂ C X,F ⊂ End 0 (X).
Combining Lemma 5.1 with Theorem 3.3 and Lemma 3.5, we obtain the following assertion.
Proposition 5.2.
(i) C X,F is a central simple E-subalgebra in End 0 (X), dim E (C X,F ) = dim C (End 0 (X)) [E : C] 2
and dim E (C X,F ) divides (2dim(X)) 2 = 8 2 . (ii) If End 0 (X) = E (i.e., not all endomorphisms of X are defined over F ) then there exist a finite perfect group Π ⊂ C * X,F and a surjective homomorphism π : Π →G 2,X,F that is a minimal cover.
Proof of Theorem 3.7. If End 0 (X) = E then we are done. If dim E (C X,F ) = 8 2 then dim Q (End 0 (X)) ≥ dim C (End 0 (X)) ≥ dim E (C X,F ) = 8 2 = (2dim(X)) 2 and it follows from Lemma 5.1 that dim Q (End 0 (X)) = (2dim(X)) 2 and X is a supersingular abelian variety. So, further we may and will assume that End 0 (X) = E, dim E (C X,F ) = 8 2 .
We need to arrive to a contradiction. Let Π ⊂ C * X,F be as in 5.2(ii). Since Π is perfect, dim E (C X,F ) > 1. It follows from Proposition 5.2(i) that dim E (C X,F ) = d 2 where d = 2 or 4.
Let us fix an embedding E ֒→ C and an isomorphism C X,F ⊗ E C ∼ = M d (C). This gives us an embedding Π ֒→ GL(d, C). Further we will identify Π with its image in GL(d, C). Clearly, only central elements of Π are scalars. It follows that there is a central subgroup Z of Π such that the natural homomorphism Π/Z → PGL(d, C) is an embedding. The simplicity ofG 2,X,F = A 8 implies that Z lies in the kernel of Π ։G 2,X,F = A 8 and the induced map Π/Z →G 2,X,F is also a minimal cover. However, the smallest possible degree of nontrivial projective representation of A 8 ∼ = L 4 (2) (in characteristic zero) is 7 > d [2] . Applying Theorem on p. 1092 of [8] and Theorem 3 on p. 316 of [12] , we obtained a desired contradiction.
